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We investigate the coupling between a Galileon scalar field and massive gravity through composite metrics.
We derive the full set of equations of motion for a flat Friedmann-Robertson-Walker background, and study
linear perturbations around it. Generally, the nonminimal coupling with the composite metric will excite all 6
degrees of freedom of the spatial metric perturbations, one of which may correspond to the Boulware-Deser
ghost.
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I. INTRODUCTION
The observational evidence of both the primordial and late
time accelerating expansion of our Universe has stimulated
the model building for inflation and dark energy as well as the
exploration of theories of gravity beyond the general relativity
(GR) (see [1–3] for recent reviews).
Inflation and late time acceleration may be driven by some
exotic matter content(s) of the Universe with unusual cou-
plings to the gravity. Along this line, significant progress
has been made in rediscovering the Horndeski theory [4] —
the most general scalar-tensor theory involving derivatives up
to the second order in the Lagrangian, while still leading to
second order equations of motion for both scalar field and
the metric — as the “generalized Galileon” [5] (see [6, 7]
for reviews). Lagrangians for a single scalar field with non-
linear powers of second derivatives were systematically con-
structed in a Minkowski background as the “Galileon” model
[8], which was then generalized to a curved background us-
ing the “covariantization” procedure [9, 10]. The “general-
ized Galileon” [5] was constructed following the same pro-
cedure and was shown to be exactly equivalent to the Horn-
deski theory [11]. The “second-order” nature of Horndeski
theory/generalized Galileon prevents it from extra ghostlike
degrees of freedom and instabilities.
On the other hand, among various attempts to directly mod-
ify GR, massive gravity — simply giving graviton a mass — is
a natural and simple choice. The theory of free massive gravi-
ton considered by Fierz and Pauli (FP) [12] does not recover
GR in the massless limit [13, 14]. It was claimed that this
discontinuity may be cured by nonlinearities [15] in a possi-
ble full theory, although an arbitrary nonlinear generalization
of the FP theory would inevitably excite the Boulware-Deser
(BD) ghost [16] — an extra degree of freedom in addition
to the usual five polarizations of a massive spin-2 particle.
Until recently, using the Stückelberg method [17], consistent
generalizations of the FP term were constructed by de Rham,
Gabadadze, and Tolley (dRGT) [18, 19] (see [20–22] for re-
cent reviews). The dRGT theory possesses a Hamiltonian con-
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straint (as well as a secondary constraint) necessary to remove
the BD ghost [23, 24] (see also [25] for the constraint analysis
in a covariant manner). Nevertheless, the theoretical consis-
tency of a massive gravity theory is still questioned [26–28].
Phenomenologically, it is interesting to couple the Galileon
scalar field to massive gravity. First, the original dRGT mas-
sive gravity with a flat fiducial metric only allows the exis-
tence of open FRW cosmology solutions under the homoge-
neous and isotropic gauge assumption [29–31], although spa-
tially flat Friedmann-Robertson-Walker (FRW) solutions may
exist when the gauge assumption or the fiducial metric itself is
chosen to be nontrivial [32–41]. Second, linear perturbations
around FRW solutions of the original dRGT massive grav-
ity suffer from instabilities [42, 43]. One possible solution to
these problems is to couple extra field(s) to dRGT massive
gravity [44–51] or to consider massive f(R) theories [52–
56] (see also [57, 58] for other interesting attempts in order
to have healthy cosmology in massive gravity). Besides the
physical metric, a fiducial metric is always present in Lorentz
invariant mass terms. In particular, in the so-called bigravity
theories [59], where the fiducial metric is also promoted to be
dynamical, both metrics are treated in the same footing. It is
thus natural to explore how the extra fields can be coupled to
both metrics (physical and fiducial) in massive gravity without
introducing unwanted degree(s) of freedom such as the BD
ghost [60–64]. If each matter field couples minimally to only
one metric (physical or fiducial), it was proven that the BD
ghost is absent at the classical level [59]. It was further shown
that this property still holds at the quantum level [65] (see
e.g. [60, 66–70] for cosmological applications of such “singly
coupling”). However, coupling the matter field(s) simultane-
ously to both metrics will not only reintroduce the BD ghost
at the classical level [63, 65, 71], but also detune the dRGT
potential by quantum loops [65]. Nevertheless, a new type of
doubly coupling to both metric was proposed in [65] (see also
[72]) in terms of a composite metric. It was claimed that the
BD ghost is averted at all scales [73], while a further analy-
sis shows that the BD ghost reappears but at a scale higher
than the strong coupling scale [74]. Comparing with the case
where extra fields only couple to one metric, such doubly cou-
pling with the composite metric seems to have promising cos-
mological applications [75–80].
In this paper, we consider the Galileon field coupled to
2dRGT massive gravity through composite metrics. In [81–
84], the coupling between Galileon field(s) and massive grav-
ity was introduced in a brane embedding manner. In this pa-
per, we introduce the Galileon field and the composite met-
ric in a straightforward way. We first derive the full set of
equations of motion governing the evolution of a spatially flat
Friedmann-Robertson-Walker (FRW) background. Then we
analyze the linear perturbations, including tensor, vector and
scalar modes, around this background. In particular, we would
like to examine whether the nonminimal coupling between the
Galileon field and massive gravity through the composite met-
ric will reintroduce the BD ghost or not.
The rest of the present paper is organized as follows. In the
next section we describe our model and notations. In Sec.III,
we derive the equations of motion for a FRW background. In
Sec.IV we derive the tensor, vector and scalar type perturba-
tions around the FRW background, and make a brief analy-
sis on their stability. Finally, we make a summary in Sec.V.
Throughout this paper, we set c =MPl = 1.
II. GALILEON COUPLED TO MASSIVE GRAVITY
The dRGT theory [18, 19] describes nonderivative terms
for metric perturbation gµν − fµν , where gµν is the physical







Throughout this paper we consider spacetime to be four di-
mensional. Here {φa} ≡ {φ0(x), φi(x)} are four Stückelberg
scalar fields, f¯ab is the fixed metric in the field space. Gen-
erally the dimension of the Stückelberg field space N may
not necessarily be four dimensional. If N > 4, there will
be (N − 4) physical scalar degrees of freedom which can-
not be gauged away. This is just the way the Galileon field
was introduced and coupled to massive gravity in [81–84]. In
this paper, we consider a flat fiducial metric, i.e., f¯ab = ηab.
We consider the Galileon-type scalar field ϕ coupled to dRGT
massive gravity through a composite metric gµν(α, β) intro-
duced in [65]:
gµν(α, β) ≡ α2gµν + 2αβ gµλXλν + β2fµν , (2)
where α, β are numerical constants, and Xµν is defined by
XµλX
λ
ν ≡ gµλfλν . (3)
In this paper, we introduce the coupling between a Galileon
scalar field and the dRGT massive gravity in a rather straight-
forward manner by considering the following action:













√−gm2 (e2(K) + α3e3(K) + α4e4(K)) ,
(6)
where R [g] is the Ricci scalar for the physical metric gµν ,
e2 (K), e3 (K) and e4 (K) are dRGT potential terms with
Kµν ≡ δµν −Xµν . (7)
Here and in the following, for a matrix Mµν , en (M) is de-
fined by




where the antisymmetrization is unnormalized. In four-
dimensional spacetime, there are four independent Horn-
deski/Galileon terms [5], which may generally have different
composite metrics with different choices of α and β. For later













≡ g(i)µλ∇(i)λ ∇(i)ν ϕ,
i = 0, 1, 2, 3, (10)
where g(i)µν is the matrix inverse of g(i)µν , ∇(i)µ is the covari-
ant derivative compatible with g(i)µν . The Horndeski/Galileon







− det g(i)µν L(i), (11)
with
L(0) = G(0)(X(0), ϕ), (12)
L(1) = G(1)(X(1), ϕ) e1(Π(1)), (13)


















where R[g(2)] and Gµν [g(3)] denote the Ricci scalar and Ein-
stein tensor for g(2)µν and g(3)µν , respectively.
Note the Einstein-Hilbert term R[g] can be absorbed into
the Horndeski term L(2) by choosing G(2) = 1/2 and α(2) =
1 and β(2) = 0, while in this paper we keep the Einstein-
Hilbert term for generality.
3A. Gauge fixing and variables
We first fix three Stückelberg fields {φi} to be φi = a0xi,
where a0 > 0 is some numerical constant, and write
φ0 (t, ~x) = φ¯ (t) + δφ (t, ~x) , (16)
for short. For later convenience, we assume dφ¯dt > 0. The
Galileon scalar field ϕ is perturbed as
ϕ = ϕ¯ (t) + δϕ (t, ~x) . (17)
We are still left with one gauge degree of freedom. We may
further fix δφ (t, ~x) = 0 or δϕ (t, ~x) = 0. In this paper, we
choose δφ (t, ~x) = 0 which we may refer to as the “almost
unitary gauge.”
For the physical metric, it is convenient to work with ADM
variables defined by







where {N,Ni, hij} are parametrized by
N = N¯eA, (19)







HikHkj + · · ·
)
, (21)
with N¯ = N¯ (t), a = a (t), and Bi and Hij can be further
decomposed as (∂2 ≡ δij∂i∂j)
Bi ≡ ∂iB + Si, (22)







E + ∂(iFj) + γij . (23)
We require
∂iSi = ∂iFi = 0, ∂iγij = 0, γii = 0. (24)
By definition, the covariantized fiducial metric fµν is unper-

























, i = 0, 1, 2, 3,
(27)
with
N (i) ≡ α(i)N¯ + β(i) dφ¯
dt
,
a(i) ≡ α(i)a+ β(i)a0,
i = 0, 1, 2, 3. (28)
At this point, apparently we have
five scalar modes:A, B, ζ, E, δϕ,
four vector modes:Si, Fi,
two tensor modes:γij .
As we shall see below, at the level of linear perturbations,
only two (out of four) independent vector modes are propa-
gating, while the nonminimal coupling between the Galileon
field and the massive gravity through composite metrics will
excite three (out of five) independent scalar modes, one of
which may correspond to the BD ghost.
III. BACKGROUND EQUATIONS OF MOTION
When being perturbed around a FRW background, the
background equations of motion are determined by requiring










EA ≡ 3H2 − ρ, (30)












where N (i) and a(i) are defined in (28), and throughout this
























In (30) and (31) ρ and P are effective energy density and
pressure respectively, of which the explicit expressions will
be given below. Recall that in the usual case of GR with a
scalar field, among three equations of motion
EA = 0, Eζ = 0, Eδϕ = 0, (35)
only two of them are independent. However in the case of
massive gravity, all three equations are independent.










































After some manipulations, the effective energy density ρ in
(30) is given by





ρm = − 3m2
[
2 (1 + 2α3 + 2α4)− 3a0
a















































































etc., and ˙¯ϕ(1) etc. are defined as (36). Compar-
ing with the effective energy density of usual Galileon field
(e.g. [85–87]), ρ(i)’s contain an additional factor (a(i)/a)3.
In the case β(i) = 0, i.e. the Galileon field couples to mas-
sive gravity only through the physical metric, a(i)/a = α(i)
and thus the corresponding energy density ρ(i) is simply pro-
portional to the energy density of the usual Galileon field.
Conversely, if α(i) = 0, i.e. the Galileon field couples to
massive gravity only through the fiducial metric fµν , we have(
a(i)/a)3 ∼ 1/a3, which implies the contributions to the ef-
fective energy density from the Galileon field are redshifted
as 1/a3.
The effective pressure P in (31) is given by























































¨¯ϕ(2) + 2H(2) ˙¯ϕ(2)
)












































)2) ˙¯ϕ(3) + 3H(3) ¨¯ϕ(3)]
−4H(3)X(3)G(3),Xϕ
(










X(3) + 2H(3) ˙¯ϕ(3) ¨¯ϕ(3)
] }
, (50)







dt . Similar to
the analysis for the energy density, due to the factor
(
a(i)/a)2,
the contributions to the effective pressure from the Galileon
field will redshift as 1/a2 if the scalar field only couples to
the fiducial metric.
For the background equations of motion for the scalar field
ϕ (32), we have














































J (0) = ˙¯ϕ(0)G(0),X , (55)
J (1) = ˙¯ϕ(1)G(1),ϕ − 6H(1)X(1)G(1),X , (56)
J (2) = 6(H(2))2 ˙¯ϕ(2)G(2),X + 12(H(2))2 ˙¯ϕ(2)X˜G(2),X˜X˜
− 12H(2)X(2)G(2),Xϕ, (57)
J (3) = 6(H(3))3X(3)G(3),X + 4(H(3))3(X(3))2G(3),XX
− 3(H(3))2 ˙¯ϕ(3)G(3),ϕ − 6(H(3))2 ˙¯ϕ(3)X(3)G(3),Xϕ.
(58)
IV. LINEAR PERTURBATIONS
One motivation to introduce the composite metric (2) in
[65] is to have simultaneous coupling of the extra fields to
both physical and fiducial metrics without introducing the BD
ghost. In this paper we would like to examine if such a com-
posite metric can be applied to the Galileon scalar field with
more general nonminimal/kinetic couplings to gravity. In par-
ticular, we are interested in whether the BD ghost reappears or
not, at least at the level of linear perturbations around a FRW
background.
A. Tensor modes
The quadratic Lagrangian for the tensor modes γij takes the
form (in Fourier space)










(1 + gγγ) γ˙
2
ij






where terms such as γ2ij are shorthands for γij(t,k)γij(t,−k)
etc. Please keep in mind that γ˙ij ≡ 1N¯ ∂tγij . In (59), various



































































also receive contributions from






Note gγγ and wγγ are nonvanishing only in the presence of
L(2) and (or) L(3). In this case, the tensor modes propagate





In order to ensure that the tensor modes have the right sign
for the kinetic term and do not have gradient instabilities, we
must have both 1 + gγγ > 0 and 1 + wγγ > 0. From (64), it
is interesting to note that
∂P (i)
∂a0
6= 0, if and only if β(i) 6= 0, i = 0, 1, 2, 3,
(67)
which implies that even without the dRGT potential terms,
the linear gravitational waves will become massive due to
the presence of the composite metric g(i)µν in the Horn-
deski/Galileon terms.
B. Vector modes
The quadratic Lagrangian for the vector modes is given by

























































































where g(i)γγ are given in (61) and (62). At this point, note
mBB 6= 0 only if at least one β(i) 6= 0.
In (68) Bi plays as an auxiliary variable since (68) contains
no time derivative of it. Thus Bi can be solved in terms of Fi

































































In order to avoid instabilities for Fi we must require GF > 0
andWF > 0.
C. Scalar modes
As we have described before, the scalar-type perturbations
around a FRW background are characterized by five variables
A, B, E, ζ and δϕ. Straightforward calculation yields the
quadratic Lagrangian:


























































+(1 + fAζ) 6HAζ˙ +
(

























































where various coefficients are listed in Appendix A.
Please note (78) contains no time derivative of A nor B,
and thus we may solve A and B in terms of other three vari-
ables ζ, E and δϕ. A full treatment is out of the scope of this
paper. Here we concentrate on the question: Will the compos-
ite metric appearing in the Horndeski/Galileon Lagrangians
reintroduce the BD ghost or not?
To this end, we first solve the constraint equations forA and






k4 (1 + fBE) (1 + wAB) E˙ +
[





6a2 (1 + fAζ)mBB + 8k











2k2 (1 + fBE) (1 +mAA) E˙ − 2 [3HfBϕ (1 +mAA) + 2fAϕ (1 + wAB)] δϕ˙
H
+12 [−2fAζ (1 + wAB) + fBEmAA + fBE +mAA − 2wAB − 1] ζ˙
}
+ · · · , (80)
with
Ξ ≡ 3a2 (1 +mAA)mBB + 8k2 (1 + wAB)2 , (81)
where “· · · ” denote terms which do not contribute to the ki-
netic terms of E, δϕ and ζ. By plugging (79) and (80) into
(78) and concentrating on the kinetic terms, we get
L(s)2 [E, ζ, δϕ] =
1
2
q˙TG q˙+ · · · , with qT ≡ ( E ζ δϕ ) ,
(82)
where “· · · ” denotes “friction terms” [e.g. Eζ˙] or “mass
terms” (e.g. “δϕ2”). The kinetic terms are determined by the
symmetric matrix G, of which the entries are given explicitly
in Appendix B.
For our purpose, we would like to examine, at the level of
linear perturbations, how many scalar degrees of freedom are
excited. If only the k-essence term is present, i.e. G(0),X 6= 0,
G(1) = G(2) = G(3) = 0 (this is just the case considered
in [77, 80] where G(0) ∝ X(0)), by plugging the explicit ex-








This fact implies that between two linearly independent com-





δϕ ≡ ζ − H
α(0)ϕ˙(0)
δϕ := Q, (84)
where keep in mind that ϕ˙(0) is defined in (36). With this field
redefinition, the two dynamical variables can be chosen to be
E and Q, while the remaining one becomes an auxiliary vari-
able (and generating no further constraint). In this simplest
case, the system has two dynamical scalar modes as expected,
one comes from the massive graviton, the other one comes
from the Galileon field.
However, this property does not hold any more if we turn
on other Horndeski/Galileon Lagrangians. For a nonvanishing



















1 Note (84) takes the same form of the usual “comoving curvature pertur-
bation,” which is a gauge invariant quantity in cosmological perturbations
with a single scalar field.
8where mBB is given in (70). In (85), C1 is rather cumber-
some and we prefer not to present its concrete form, which is
irrelevant to the following analysis. The form of (85) implies
that
detG 6= 0, if mBB, α(1), β(1), G(1),X 6= 0. (86)
In the case of G(1),X 6= 0 and β(1) 6= 0, from (70), mBB ac-
quires contributions proportional to β(1) and thus mBB 6= 0
even in the absence of an explicit dRGT mass term. In this
case, a nonvanishing detG implies all three scalar modes E,
ζ and δϕ get excited. In particular, besides the one come from
the Galileon field, all 6 degrees of freedom in the spatial met-
ric perturbations Hij become dynamical, and one of which
may be ghost like. In order to have a vanishing detG and
to reduce the number of dynamical degrees of freedom, one
must have G(1),X = 0 or α(1) = 0 (β(1) = 0). The former
case is trivially equivalent to the k-essence case since L(1)
with G(1) = G(1)(ϕ) is equivalent to L(0) by integrating by
parts, while from the above analysis, the k-essence with com-
posite metric is always free of the BD ghost. The later case
implies the scalar field couples only to either the physical or
fiducial metric, but never simultaneously. To conclude, the
Horndeski/Galileon term L(1) generally reintroduces the BD
ghost if the Galileon field coupled to the composite metric
with α(1) 6= 0 and β(1) 6= 0.
The same analysis can be applied to “higher” Horn-
deski/Galileon Lagrangians L(2) and L(3). For nonvanishing


































where C2 is some factor of which the explicit expression is
omitted here. Again, (87) is nonvanishing if α(2) 6= 0 and
β(2) 6= 0, which implies that there are three scalar modes
are propagating. Note L(2) reduces to R[g(2)] when G(2) =





viable ghost free derivative interaction term of the physical
metric or between the physical and fiducial metric in bigravity
theories2.
V. CONCLUSION
In this paper, we investigate the coupling between a
Galileon scalar field and dRGT massive gravity through com-
posite metrics proposed recently in [65]. We present the full
set of equations of motion for a spatially flat FRW back-
ground, and study tensor, vector and scalar perturbations
around it. If the scalar field is minimally coupled to the com-
posite metric, i.e. only L(0) in (12) is present, we have shown
explicitly that only two scalar modes are propagating at linear
order. However, if other nonminimal/kinetic coupling terms
(i.e. L(1), L(2) and L(3)) are present, generally the composite
metric will excite all 6 degrees of freedom of the spatial metric
perturbations, one of which may correspond to the BD ghost.
While it is important to investigate the mass of the would-be
BD ghost mode, a detailed study is out of the scope of this
paper. It would also be interesting to explore possible “dou-
bly coupling” to both the physical and fiducial metrics of the
Galileon field without introducing the BD ghost.
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)3 ˙¯ϕ(3) (3G(3),X + 7X(3)G(3),XX + 2(X(2))2G(3),XXX)















−G(1),ϕ + ¨¯ϕ(1)X(1)G(1),XX +
(
































































)2 ¨¯ϕ(3) + 2((H(3))2 + H˙(3))H(3) ˙¯ϕ(3))X(3)G(3),XX















































−X(1)G(1),ϕϕϕ + 3H(1)X(1)G(1),XXϕ ˙¯ϕ(1) ¨¯ϕ(1)
−G(1),ϕϕ
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− 2(H(3))2 ( ˙¯ϕ(3)H(3) − 3 ¨¯ϕ(3)) (X(3))2G(3),XXϕϕ
+H(3)X(3)
(

























−2(H(3))3(X(3))2 ˙¯ϕ(3) ¨¯ϕ(3)G(3),XXXϕ + 6(H(3))2(X(3))2G(3),Xϕϕϕ






































































































































































































































































































































































































































































Appendix B: Coefficients of kinetic terms in eq.(82)





3a2(1 + gγγ)(1 +mAA)mBB
−4k2
[















9a2mBB [2fAζ(2 + fAζ)− gγγ(1 +mAA)−mAA + 1]
+12k2
[
4fAζ(1 + fBE)(1 + wAB)− f2BE(1 +mAA)











(− 2(fAζ + 1)wAB − 2fAζ + fBEmAA + fBE +mAA − 1)
+2Hgζϕ(wAB + 1)

















3f2Bϕ(mAA + 1)− 8gϕϕ(wAB + 1)2
)
+ 4fAϕfBϕ(wAB + 1)
]}
, (B6)
where various coefficients are given in Appendix A, and Ξ is given in (81).
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